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Abstract: In this paper, a formula to find the solutions of a congruence of prime power
modulus of higher degree the type xP =b? {modap®), where p is an odd positive prime
integer and n= 2, is any positive integer, is established. The formula is of great merit and of
time-saving in calculation. The method found in the Mathematics literature is time-
consuming. It is also found that such a congruence is solvable if bP = b (mod ap™) and each

congruence has exactly p solutions and in total, there are (p-1) such congruence.
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Introduction

Earlier mathematicians worked on number theory and many more theorems and methods are
developed to make the theory interesting and computationally easy. Euler, Lagrange and
Fermat are such mathematicians who improved Number Theory the most. They proposed
methods to find solutions of congruence of prime and composite modulus.

Need of this Research
Even then there remains much work to do. Going through those previous works presented in
the literature, some results insist me to write this paper. It is found that no formulation is done
to find the solutions of the congruence. Then a class of congruence appeared in my mind
which is not yet formulated. | tried my best to formulate the congruence and my effort is
presented in this paper.

Literature Review
We have a corollary of Lagrange’s Theorem in Number Theory that “if p is an odd prime and
d|(p-1), then the congruence x2 = 1 (mad p) has exactly d incongruent solutions modulo p”

(Koshy Thomas, 2009). Also we have a Theorem in Number Theory that “The congruence
x2 =a (mod p™)

with p, an odd positive prime integer, n= 1 any positive integer, (p, a) =1 has exactly two
incongruent solutions” (Ivan Niven et al., 2008).

www.ijciar.com 27



mailto:roybm62@gmail.com

Volume 1, Issue 3, July-2018: 27-29
International Journal of Current Innovations in Advanced Research ISSN: 2636-6282

Then a congruence of the type x? = b? (mod ap™) appeared in my mind. | tried my best to
formulate the solutions of the congruence. What | found, is placed in this paper.

Problem Statement
Consider the congruence x? = b? (mod ap™) with n = 2,p bieng a positive prime.

The congruence x? = b? (mod ap™) is always solvable and x = b (mod ap™) is one of the
solution. All solutions are given by x = b + ap™ 1k (mod ap™);n = 2 where
k=0,12,.....,(p—1). There are (p-1) such congruence and each congruence has exactly p
solutions.

Analysis and Result
Let us consider the congruence x¥ = b¥ (mod ap™), p being odd positive prime integer and

n= 2, any positive integer.

For x = b,we have xP = bP (mod ap™).

So, x = b (mod ap™) is a solution.

Consider now that x = b + ap™ *k fork =0,1,2,.....(p—1), p,p+ 1 ........
Then, x? =(b+ap™ 1k)?

— 11y PO s o ana) n-1
=b¥F+p.b¥ lap k+Tiﬂ’ asp k4o Hap™ rE)F

=bP+{in e foap™
= bP (mod ap™)
So, for x = b+ ap™ 1k (med ap™), we always have x? = b¥ (mod ap™).

If we take k = p, then x = b+ ap™ 1.k (mod ap™) becomes
x=b+kp™ (mod ap™)
i.e. x = b{modap™), which is same as for & = 0. Similar results fork =p+1,p + 2, ...

Result of Analysis
A congruence of the type x? = b? (mod ap™) is made easy to find its solutions by using the

established formula. It is found that

x=b+ap™ 1k (modap™) for k=0123 .......,(p —Dare the p-solutions of the
congruence x? = b? (mod ap™). And there are no other possibilities. These must give all the
possible solutions.

We illustrate the formula established by giving two examples below.

Ilustration
Consider x7 = 128 (mod 147). Here 147=3.49=3.72

It can be written as:x” = 128 (mod 3.7%) i.e.x” =128 = 27 (mod 3.7%)
It is of the type x® = b? (mod ap™) withb=2, p=7, n=2,a=3.

Hence the congruence is solvable and has 7-solutions with
x = 2 (mod 3.49)is one of the solution.

All the solutions are giving by
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x=2+37"1k(mod3.7%) withk=0,1,2,3,4,5,6.

e x=2+377%

iL.ee x=2+37k

ie. x =24+ 21k fork=10,1,2,3,4,56.

e x=2,24+21,24+42,24+63,24+84,24+105,2 +126 (mod 147)

i.e. x =2,23,44,65,86,107,128 (mod 147)

These are the required solutions obtained. These solutions are tested true.
Let us consider one more example:

Consider x* = 7 (mod 150) i.e. x® =7 (mod 6.5%)
It is of the type x? = b (mod ap™) witha=6, p=5 n=2,b=7.
Now, 75 = 16807 = 7 (mod 6.5%).

Hence the congruence is solvable and has 5-solution.
All the solutions are giving by
x=b+ap™ tk(mod ap™) withk=10,1,2, 3,4.
e x=T7+6.p 1k
e x=7+ 30k fork=0,1,2,3,4
i.e. x = 7,37,67,97,127(mod 150).

These are the required solutions obtained. These solutions are tested true.

Merit of the Paper

In this paper, a formula is established to find all the possible solutions of the given
congruence. It saves time in calculation. The method found in the literature, is time-
consuming. There is no such formula found in literature.

Conclusion
Therefore, we can conclude that x = b + ap™ k (modap™) with n= 2,
k=0,12,....,(p —1) are the p- solutions of the congruence of the type x? = b¥ (mod ap™),

with p an odd positive prime integer.
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